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1. LetG, H betopological groups that are path-connected and semi-locally 1-connected.
(& Assumethat N isadiscrete normal subgroup of G. Show that N lies in the center of G.

For a topological group, the group action is a continuous function. Therefore,
for every nl N the function fn(g): gng 'n* is a continuous function from
G ® N (since N isnormal). As N is a discrete space and G is path-connected
and thus connected, f, isconstant. If we let e denote the identity element of G,
then f_(e)=e for every n. Therefore gng 'n"*=e for every gl G and every

ni N. Therefore N1 Z(G).

(b) Le f:G® H beahomomorphism which is aso a covering map. Show the kernel of f is
abelian.

Since f is a homomorphism Ker(f)<G. Also, f is a covering map, so
Ker(f)=f*(e) is a discrete set of points (as it is the fiber a e). Therefore
Ker(f) is a discrete normal subgroup of G. So by part (a), Ker(f)i Z(G).
Thus if al Ker(f) and bi Ker(f)i G then bab'a'=eb ba=ab.
Therefore Ker(f) isabelian.

(¢ Show that the fundamental group of H is abelian.

Let f and g be arbitrary elements of p,(H,e). Then f,g:(1,11)® (G,€). Let
f * g represent the group actionin p,(H,e), i.e.

frgl)=)f@ OELEL2
W g2t-1) veeter
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Also, let adjacency represent the group action of H so that fg(t)= f(t)g(t).
Then there existsahomotopy H, : f * g » fg,rel 1l given by:

N
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i el+sg 2
Hy(tg)=| B2 gt 1%89 1 Sp 1S

i el+sgé 1+s g 2

i at-1+s0 1+s

" = —£f£t£1

fgg 1+s g 2

To verify this, we need to check that it is well defined and satisfies the
boundary conditions.

Well-Defined: For t = 1—25 we get
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Fortzl;zs we get
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Thus our homotopy is well-defined.
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Boundary Conditions:
jf(2t)  Of£t£1/2
H, (to)=1e t=1/2
Lg(2t-1) 1/2£t£1
which equals f * g(t). Since f(1)=g(0)=e.
jf(0)=e t=0
H, (t1) = }f()gt) OLt£1
tol)=e
which equals fg(t). Finaly, on I we have H(0,s)=f(0)=e and
H,, (L s)= g(1) = e for every s. Therefore H,, : f * g » fg,rel 1 .

There also exists the homotopy H: fg» of ,rel I given by
H(t,s)=[f(st)] " f (t)g(t)f(st). A quick check shows HIt,0)=f (t)g(t),
H(t1)=g(t)f(t), H(,s)=e, and H(Ls)=e Therefore the homotopy
H‘gflllefg cf*g»g*f,rd Ml and thus f*g and g* f ae in the same
homotopy class b p,(H,€) is abelian. Since H is path-connected, the base

point is arbitrary and so, in the most general sense, the fundamental group of H
isabelian.

2. If p:X®Y isacoveingmap, and j : X ® X isamap suchthat po) = p,then | isa

homeomorphism.

Fix %1 X and set y,=p(x). Since peoj =p, then p(j (x,))=y, and
p.p,(X.j ()1 p,p,(X,x,) (aso note that X is path-connected and locally

path-connected since it is a covering space).
Therefore, by the Lifting Theorem, there exists a

unique continuous map g:(X,j (x,))® (X,x,)

suchthat pog=p.

-1

Claim: g=]
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Since p,p,(X,%,)1 p,p,(X,x,), by the Lifting X' x,
1
Theorem there exists a unique g:(X,x,)® (X,x,) g, lp
such that pog=p. The obvious choiceis g =id, . .
X, X WY' Yo

However, (goj )(%,)=dlj (%)) =% and pe(gej )=
(pog)ej = pej =p. Therefore, by the uniqueness in the Lifting Theorem,
goj =id,. Now, snce peog=p, then plox)=y, ad
PP (X, 9% )T pupy(X,%,). Therefore, by the

g X" X
Lifting Theorem, there exists a unique h A
h:(X,ox))® (X,x,) such tha poh=p. J/IO
But now, again, (h>g)(x) =%, and po(heg)=p. d6) X 52V y,

Thus, hog=g=id, . Findly, h=ho(gej)=(hog)oj =j . Therefore h=j ,

1

and j og=id,. Thus g=j ~ and is continuous and s0 | is a homeo-

morphism.

3. Le g:R® R? beasmooth curve in the plane. Let K betheset of al r1 R such that the
circle of radius r (centered at a fixed point) is tangent to g at some point. Show that K has

empty interior.

Without loss of generdity, let the center of our circles be the origin. Let

h(t) = dist . (olt). 00)) = (@ (1)) + (6. 0))" where (g,(t).0.(t)) = oft). Since

the distance function is a smooth map and so is g, then h:R ® R isasmooth

map and h*(t):ih(t):gl(t)glq(t)hztg)jz(t)gg’(t). Now suppose that g was

dt
tangent to the circle of radius Rat t =t,. Then the vector (g, (t,).g,(t,)) would

be perpendicular to the vector (gft, ), o¢(t, ). Thus

(.t} 0.(t)) (ot ) 98to)) = 01 (to ol ) + 0 (10 )o(ts ) = 0.
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Therefore h,(t,) =0 making t, acritical point of h and Racritical value. Thus
K 1 {critical vaues of h}. Therefore, by Sard's Theorem, K has measure zero

which directly implies that K has no interior.
4.(a) Prove that a completely regular space is regular.

Let xT X and CI X closed with xT C. Then, since X is completely regular,
there exists f:X®[0] such tha f(x)=0 and f(C)={Y. Let
U=f7%0%) andV=*f2(%,1]).Then xi U, Ci V and UGV =9 since
if yi UCV then %< f(y)<%.P U .AlsoU and V are open sets since they

are the inverses of open sets through a continuous function. Therefore, for
every xI X and C1 X closed with x| C, there exists open sets U and V
suchthat xI U, Cl V and UCV =9¢. ThusX isregular.

(b) Let X be completely regular, K a compact subspace, and U an open neighborhood of K.
Prove that there existsamap f : X ® [0,1] suchthat f(K)={0} and f(X - U)={1}.

Since X is completely regular and X - U is closed, for every xI K there
exits f,:X®[0,1] such that f(x)=0 and f(X-U)={1}. Let
U, = £,5[0,%))CU . Since it is the intersection of two open sets, U, is an

open set containing X. Therefore the collection {U X} is an open cover of K.

X K

Since K is compact, there exists a finite subcover {U wYs ,...,an} such that

f, (x). If

Wo-

K1 (JU, 1 U. Now creste the continuous function g(x)=

i=1

1
n;

—_—) N

xI X-U ,then g(x)=1.1f xT K, thenthereexists x; suchthat xI U, thus

]
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Let mi &- zil9 Then g(x)<m for every xi K and g(x)=1 for every
e 4N g

xI X-U.Nowlet h:R® R by setting

-‘[O OE£XEm
MX)Z%:’:: mE X £ 1.

h is continuous and thus so is f =hog: X ® [0,1]. But now for every xi K,

f(x)=0,and forevery xI X-U, f(x)=1.

Lt p:RP"® X be a covering map. What are the possible values of the Euler

characteristic ¢(X ). Give examples of all possibilities.

S" isadouble cover of RP", therefore c(S”):Zc(RP”).

Lemma: c(S")=1+(-1)".

Proof:  For n>0, the simplicial complex that minimally represents S" isa
collection of (n+2) vertices such that they do not lie in the same nD-
hyperplane along with every possible edge, face, 3simplex, ..., and (n+1)-

: L N At 20
smplex. Thus, the number of m-simpliciesis the binomial coefficient g 2

m+1g

This yields c(S”): ay 8@ *20 \which shall now be shown (via induction)

0 git+tlg

to be equal to 1+ (- 1)". The base case is obvious: ¢(S!)=3- 3= 0=1+(- 1)".

Now suppose that én_ (- )& F0=1.4(- 1" and consider
=0 eit+tlg
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=1- (1+(- )”)+1

=1+(_ 1)n+1

Therefore, c(S")=1+(- 1)".

Now for n even, 220(8”):20(RP”), therefore c(RP“):l. Since RP"
covers X, there exists a positive integer m such that RP" isan m-fold cover.
Therefore 1=c(RP")=nmc(X)p ¢(X)=1.

For n odd, O:C(S”)=20(RP”), therefore C(RP“): 0. Again, there exists a
positive integer m such that RP" is an m-fold cover of X. Therefore
0=c(RP")=mc(X) P c(X)=0.

since ¢(X)=c(RP") in both cases, the obvious (though somewhat trivial)

examplein each isthat RP" isal-fold covering of X =RP".

6. Let K bea4-dimensional simplicial complex which has 8 O-simplies, 12 1-simplicies, 9 2-
simplicies, 10 3-simplicies, and 6 4-simplices. Suppose that
H,(K)=2,H,(K)=2zAzAZ, H,(K)=2AZ, H,(K)=2A Z,.
What is H,(K)?

By definition H,(K)= Ker‘ﬂ/mﬂ Since K is 4-dimensional, then C,K =0
5

which means that Im9, =0. Therefore H,(K)=Ker{,1 C,K which



E. Errthum, MATH730 Final, Page 8
means H,K is freee. Now, st n =#ofi-gmplices. Then

(- 1) rank (H,K).

" Q)ox

u
o

c(K)=4 (-1’ n =8-12+9-10+6=1. But dso c(K)=

- Qyo-

0

Therefore  1=1- 2+1- 1+rank (H,K)=-1+rank(H,K) b rank(H,K)=2.
Thus, H,K @zAZ.
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